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Abstract The current study proposes a simple monodimensional
model to estimate the linear growth rate of photosynthetic
microorganisms in flat-plate photobioreactors (FPPBRs) during
batch cultivation. As a model microorganism, Chlorella kessleri
was cultivated photoautotrophically in FPPBRs using light-emitting
diodes (LEDs) as the light sources to provide unidirectional
irradiation in the photobioreactors. Various conditions were
simulated by adjusting both the intensity of the light and the
height of the culture. The validity of the proposed model was
examined by comparing the linear growth rates measured
with the predicted ones obtained from the proposed model.
K⋅µ
Accordingly, the value of --------------m log ( I 0 ⋅ I (sε – 1 ) ⋅ I –c ε ) was proposed
α⋅L
as an approximate index for strategies to obtain the maximal
lightn yield under light-limiting conditions for high-density algal
cultures and as a control parameter to improve the photosynthetic
productivity and efficiency.
Key words: Linear growth rate, flat-plate photobioreactor,
Chlorella kessleri, light yield, monodimensional model

About one-third of the world’s photosynthetic biomass is
produced by algae. The number of microalgal species has
been estimated at between 22,000 and 26,000, among
which the biochemistry and ecophysiology of only about
fifty species have been studied in detail [30, 45, 49]. Today,
it is widely recognized that microalgae can be used as
feed for animals and foodstuff for humans, because their
nutritional value is comparable to other conventional food
products [4, 46]. In addition, many chemicals, biochemicals,
and pharmaceuticals have been extracted from microalgae
for use in the food, pharmaceutical, cosmetic, and chemical
industries [2, 39]. The application of algae has also been
expanded to environmental areas, such as wastewater
treatment [27], heavy metal removal [19, 20], and CO2
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fixation [25, 26]. Furthermore, the advantages offered by
the mass cultivation of microalgae over conventional crops
include a short growth cycle, continuous production throughout
a year, easier genetic engineering, and the possibility of
growing microalgae in brackish water rather than freshwater,
which is becoming a scarce resource [49].
Most microalgal culture systems in use today are open
cultivation systems, particularly raceway ponds and circular
ponds. However, over the last 50 years, great advances
have been made in understanding the biology of algae and
engineering requirements for large-scale algal culture systems.
This has led to the development of several types of closed
photobioreactors which will enable the commercialization
of noble algal products within the next decade [3]. Flat-plate
photobioreactors [15, 53, 58], which have been intensively
studied in recent years, can be controlled with a short light path
length, prevent O2 build-ups, and can be easily cleaned [5].
In high-density algal cultures with optimized media, light
is always limited despite the minimal thickness of the
photobioreactors [22]. The growth rate of microalgae
depends on the light energy absorbed by the cells. Thus,
the growth rate is initially high when a small inoculum is
used, the organisms exhibit their maximum growth rate,
and an exponential phase ensues while light is not limited.
However, as microalgae grow, mutual shading increases,
thereby decreasing the specific (per unit of biomass) lightenergy uptake rate so that the specific growth rate begins
to fall. As the biomass continues to increase, the growth
rate continues to decrease. An interesting feature of this
phase is that the total biomass of the culture increases
linearly with time, because the production per unit of time
is proportional to the absorption of light by the culture
[2, 29]. This linear growth phase in batch cultures is
a characteristic of photosynthetic microorganisms during
photoautotrophic growth. Recently, Ogbonna et al. [37]
reported on the correlation between the linear growth rate
and the final cell concentration in batch cultures using
various types of reactor. The IEA Greenhouse Gas R&D
Programme [17] also proposed the importance of an
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extended linear growth phase with a high cell density for
the conventional use of algal CO2 fixation from flue gases.
Thus, knowledge of the determining factors for the linear
growth rate can provide a strategy for optimizing algal
cultures and productivity.
To date, many models for microalgal growth kinetics
have been proposed for batch and continuous cultures [68, 24, 28, 33, 48]. In particular, Cornet et al. [7] and
Ogbonna et al. [37, 38] developed models for the linear
growth rate in batch cultures. However, their models differ
from each other with regards to the effect of the light
intensity and light path length of the photobioreactor on
the linear growth rate. No other studies have given any
attention to the linear growth rate of algal batch cultures
despite its importance.
Accordingly, the current study proposes a monodimensional
model for interpreting batch growth kinetics under lightlimited and substrate saturated conditions. The proposed
model was derived from a combination of light attenuation
phenomena and a light response curve based on BeerLambert’s law and a Monod-type equation, respectively.
After a feasibility test, the proposed model was applied to
interpret the efficiency and light yield of a photobioreactor.

MATHEMATICAL MODEL
Light Absorption and Penetration Depth
Light energy penetrates into a culture from the illuminating
surface, and the intensity of the light energy dramatically
decreases as the light travels into the culture, due to
absorption by the light-harvesting pigments of algae and
scattering by algal cells (Fig. 1). The simplest model for
calculating the light absorption and penetration depth is
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Beer-Lambert’s law. This law is widely used [14, 22, 44]
as it is simple and easily available, despite its inaccuracy in
dense algal cultures [1] and of the ‘package effect’ [10, 12].
Log(I0/I)=α · X · x

(1)

where, I0, I, α, X, and x denote the incident light intensity,
light intensity at depth x, specific light absorption coefficient,
cell concentration, and distance from the illuminating surface,
respectively.
Thus, the light penetration depth (xc), depth to saturation
point (xs), and distance from the saturation point to the
compensation point (xc- s) can be calculated by introducing
the compensation light intensity (Ic) and saturation light
intensity (Is) to Eq. (1) (see Fig. 1b)
log ( I 0 ⁄ I c -)
x c = ----------------------α⋅X

log ( I 0 ⁄ I s -)
x s = ----------------------α⋅X

log ( I s ⁄ I c )
x c −s = ----------------------α⋅X

(2)

Specific Growth Rate Versus Light Intensity
Figure 2a represents the typical specific growth rate of
microalgae as a function of the light intensity, when light is
the only limiting substrate. The main features of this curve
are: (i) the compensation light intensity (Ic), where the net
growth rate is zero [14, 50]; (ii) the saturation light intensity
(Is), where the growth rate reaches the maximum possible
(µ(I)=µm) [44]; (iii) the photoinhibition light intensity (Id),
where the growth is inhibited by a high light intensity
[14, 56].
When I<Id, the curve can be described as follows:
µ m ⋅ ( I – Ic )
µ ( I ) = -------------------------KI + ( I – I c )

(3)

KI is the light intensity constant when the specific growth
rate is half the maximal. In other words, µ(I)=µm/2 at I- Ic=
KI.

Fig. 1. (a) Schematic representation of flat-plate photobioreactors.
The red LEDs (A) were powered by DC power supplies (B) at a constant voltage depending on the light intensity. The algal suspension (C) in a
photobioreactor with a sampling (D) and bubbling (E) tube was agitated by a magnetic bar. (b) Concept of model. The light intensity (I) was drawn based on
Beer-Lambert’s law, and the specific growth rate (µ) using Monod’s equation. The culture volume was compared with the photic volume, separated by the
volume (Vs) in Is<I and the volume (Vc- s) in Ic<I<Is, and the dark volume (Vd) in I<Ic.
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µ m ⋅ ( I 0 ⋅ 10 ( –α ⋅ X ⋅ x ) – I c )µ ( x) = ---------------------------------------------------K I + ( I 0 ⋅ 10 (–α ⋅ X ⋅ x) – I c )

(4)

As shown in Fig. 1(b), the specific growth rate in the zone
between the illuminating surface and the light saturation
point has the maximum value. Plus, in the adjacent zone
where the light intensity of Ic<I<Is, the mean specific
growth rate, µ ( I) , can be defined as:
( –α ⋅ X ⋅ x )
x c µ ⋅ ( I ⋅ 10
– I c )m
0
---------------------------------------------------dx
–α ⋅ X ⋅ x )
∫
(
dx
x
µ
(x )
∫------------------s K + ( I ⋅ 10
xs
– Ic ) I
0
- = ----------------------------------------------------------------µ (I) =
xc – xs
x c−s
x

c

(5)

Equation (5) can be integrated using Eq. (2) as follows:
K I -
K I ⋅ log  --------------------K
+I
I
s – I c
µ
m
- I c + ---------------------------------------------µ ( I ) = ------------------log ( I s ⁄ I c )
( Ic – K I )

(6)

If a strain is selected, this equation can be simplified as:
µ ( I ) =ε ⋅ µ m

(7)

where ε is the dimensionless constant related to the
inherent property of the cell that can be calculated with Eq.
(6) using the specific growth rate and irradiance curve of
the cell. These values for 24 strains are shown in Table 2,
and the mean value was 0.43±0.07 (standard deviation).
The value of the strain used in the current study was 0.44,
which was calculated from the data in Table 1. If the
incident light intensity was lower than the saturation irradiance,
Is should be replaced by I0 in Eq. (6). Thus, ε becomes a
function of the incident light intensity.
Consequently, for the strain tested in the current study,
the specific growth rate was approximated to be µm when
Is<I<Id, and ε·µm when Ic<I<Is. Figure 2(b) shows that the
specific growth rate slowly decreased under the region of
Ic<I<Is when the light intensity logarithmically decreased.

Fig. 2. (a) Graph of specific growth rate (µ) versus light
intensity (I0) and (b) plots of light intensity (—) and specific
growth rate (—) calculated from Beer-Lambert’s law and
Monod’s equation versus distance from illuminating surface.
The light intensity logarithmically decreased from the saturation point to
the compensation point as it penetrated from the illuminating surface,
while the specific growth rate decreased almost linearly. I0=50 W/m2, X=
1.2×108 µm3 cell/ml, α=3.0×10-9 cm2/µm3 cell, µm=0.087 h-1, KI=3.44 W/m2,
Ic=1.456 W/m2.

Although several models based on the light response
curve of algae have already been proposed [13, 32], the
Monod type model can be applied when the photoinhibition
is relatively low, and is convenient for introducing the
compensation irradiance.
To clarify the relation between the specific growth rate
and the distance from the illuminating surface, Eq. (3) can
be rewritten by introducing Eq. (1):

Differential Model Equation
If the light decreases, as shown in Fig. 1(b) (Is<I0<Id), the
differential cell concentration can be expressed as:

Table 1. Inherent properties of C. kessleri and operating conditions.
Inherent property
Abbreviation
Irradiance (W/m2)
Light path length (cm)
Agitation (rpm)
Gas input rate (ml/min)

α, cm2/µm3 cell
3.0×10 - 9
HL
35.2
10

Ic, W/m2
1.46

Is, W/m2
13.7
HS
LL
35.2
17.6
5
10
200 (with magnetic stirrer)
100 (5% CO2 balanced with N 2)

Id, W/m2
600

(KI+Ic)*
4.9
LS
17.6
5

α: specific absorption coefficient; Ic: compensation irradiance; Is: saturation irradiance; Id: inhibition irradiance; HL: high light intensity and long light path;
HS: high light intensity and short light path; LL: low light intensity and long light path; LS: low light intensity and short light path. *: this saturation constant
was estimated from [43] at one-third of the saturation point (Is).
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Table 2. Light intensity and algal growth (data from [43]).
Species

Strain

Cyanobacteria

Anacystis nidulans
Nostic muscorum
Cryptophytes
Chroomonas saline
Dinoflagellates Cachonina niel
Cryptomonas sp.
Dissodium lunula
Gonyaulax polyedra
Gymnodium sp.
Prorocentrum micans
Pyrocystis fusiformis
Pyrocystis noctiluca
Diatoms
Asterionella socialis
Biddulphia aurita
''
Chaetoceros sp.
Chaetoceros armatum
Coscinodiscus pavillardii
Fragilaria striatula
Melosira moniliformis
''
Phaeodactylum tricornutum
Synedra tabulata
''
Thalassiosira pseudonana
''
Coccolithophores Coccolithus huxleyi
Green algae
Chlorella kessleri (UTEX 398)

Growth
condition

Temp
(οC)

µm
Type of
Is
Ic
KI+Ic
light
(dbl/day) (klx) (klx) (klx)

30
T
24
F
6L/18D
10
F
23
F
24L
18
T
12L/12D
20
F
12L/12D
21
F
24L
23- 26
F
24L
20
T
12L/12D
20
F
12L/12D
25
F
13
F
15L/9D
11
F
9L/15D
11
F
23- 26
F
13
F
9L/15D
11
F
15L/9D
11
F
9L/15D
11
F
24L
17
F&T
15L/9D
11
F
9L/15D
11
F
14L/10D
17
F&T
24L
17
F&T
6L/18D
2
T
26
680 nm

Average±
standard deviation

4.8
0.6
0.95
0.5
0.3
0.3
1.2
0.51
0.15
0.12
1.1
1.3
1.1
6.0
0.6
1.3
0.9
0.9
0.6
2.0
1.2
0.8
2.5
2.5
0.8
3.0

ε

KI

I opt
(klx)

0.41
0.30
0.50
0.43
0.54
0.34
0.40
0.39
0.37
0.46
0.40
0.41
0.49
0.49
0.31
0.58
0.50
0.42
0.45
0.35
0.39
0.51
0.51
0.36
0.45
0.36
0.44

1.00
1.29
0.70
1.57
2.20
1.45
1.09
1.78
0.90
0.38
0.62
1.25
1.45
1.45
2.09
0.25
1.20
2.90
0.96
2.16
00.474
1.19
1.19
01.113
00.581
3.20
03.44*

3.51
3.10
8.08
<Is
<Is
4.05
5.05
<Is
3.56
1.84
2.49
5.45
7.23
7.23
<Is
<Is
6.67
13.18
<Is
<Is
<Is
<Is
<Is
<Is
<Is
<Is
13.9*

3.5 0.30
3.1 0.11
4.2 2.10
6.4 0.53
15.00 1.50
3.7 0.25
3.2 0.81
6.4 0.32
2.3 0.50
1.6 0.25
1.9 0.31
4.0 0.75
7.1 0.95
7.1 0.95
6.5 0.11
2.0 0.25
6.0 1.00
9.5 1.90
4.8 0.24
7.1 0.24
3.3 00.026
7.1 0.71
7.1 0.71
5.68 00.057
4.01 00.089
9.6 0.60
13.7* 01.46*

1.30
1.40
2.80
2.10
3.70
1.70
1.90
2.10
1.40
0.63
0.93
2.00
2.40
2.40
2.20
0.50
2.20
4.80
1.20
2.40
0.50
1.90
1.90
1.17
0.67
3.80
4.9*

5.5± 0.6±
3.0
0.5

1.9± 0.43± 1.3±
1.0 0.07 0.7

5.5±
3.0

*: Light intensity measured in W/m2 in the current study.

dX
V ------- =µ ⋅ V i ⋅ X – k d ⋅ V d ⋅ X
dt

(8)

dX
V ------- =K ⋅ ( µ m ⋅ V s +µ ( I) V c −s ) ⋅ X – k d ⋅ V d ⋅ X
dt

(9)

where µ ( I) denotes the mean specific growth rate in the area
of Ic<I<Is and is approximated by ε·µm, as described in Eq.
(7), kd is the specific death rate, and K, which is introduced
below, is the proportional constant for the mixing effect.
The light/dark fluctuations in tubular photobioreactors,
flat-panel reactors, and bubble columns are within a range
of 100 to 0.25 Hz. In these systems, faster mixing of highdensity cultures, resulting in light/dark cycles of 0.2- 1 s
(5- 1 Hz), increases the biomass yield based on the light
energy at high photon flux densities [16, 18, 21].
From Eq. (2) and the approximation of the specific
growth rate using the light path, Eq. (9) can be rewritten as
below:
dX
x-s
x c−s
x
------- ≈ K ⋅  µ m ⋅ --+ε ⋅ µ m ⋅ ------⋅ X+k d ⋅  1 – ----c ⋅ X (10)

dt
L
L
L

If the specific death rate (kd) is negligible and Eq. (2) is
used, dX/dt in Eq. (10) is constant. Thus, the growth rate of
photosynthetic cells is linear.
dX
⋅ µm
-------------------- = K
⋅ log ( I 0 ⋅ I (sε −1 ) ⋅ I −ε
c )
dt α ⋅ L

(11)

where K and I0 are the operating parameters, µm, α, ε, Is,
and Ic are the inherent properties of the strain, and L
represents the geometry of a flat-plate photobioreactor.
If ε is 0.44 for the strain tested in the current study, the
linear growth rate (LGR) can be expressed as:
µm
LGR=K ⋅ ----------log ( I 0 ⋅ I −0.56
⋅ I −0.44
)
s
c
α⋅L

(12)

When the incident light intensity is lower than the
saturation irradiance, the linear growth rate can also be
expressed by combining Eqs. (6) and (8).
Equation (11) is based on the following assumptions: (i) no
substrate limitation or inhibition except light; (ii) the light
absorption obeys Beer-Lambert’s law, in other words, the
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package effect can be ignored; (iii) no photoinhibition or
the incident light intensity is lower than the photoinhibition
point; (iv) the µ- I curve follows a Monod-type model in
this light intensity regime; (v) the specific light absorption
coefficient (α) is constant; and (vi) no background absorption
by the culture broth.
Consideration of Mixing Effect
In a high-density culture, the mutual shading is so intense
that the width of the photic zone, where the cells receive
sufficient photons, is very thin (shallow). Turbulence causes
a continuous shift in the relative positions of the cells with
respect to the photic zone. In a deliberately designed mixing
system with an optimal time scale, each cell can absorb the
light energy while it is exposed to the light and then uses
up the absorbed photons while it stays in the dark layer.
From a microscopic point of view, depending on the mixing
characteristics, algae are thus exposed to certain light/dark
cycles. Moreover, the degree of mixing has already been
shown to significantly influence the productivity [18].
Thus, correction for the mixing effect is necessary.
From Eqs. (9) through (12), K is introduced to consider
the mixing effect. The value of K can be a function of the
duty cycle and frequency of light that the algae sense in
the culture medium [41]. Yet mixing can also have other
positive and negative effects on the cells (for example,
shear stress) [11]. These mixing effects also influence the
linear growth rate (batch productivity), and thus the overall
photosynthetic efficiency. For this reason, the proportionality
constant of the mixing effect, K, is introduced from Eqs.
(9) through (12), which has quite a complex meaning related
to the mixing pattern of the system despite being a constant.

MATERIALS AND METHODS
Strain and Culture Condition
A green unicellular alga, Chlorella kessleri (UTEX 398),
was obtained from The Culture Collection of Algae at
UTEX (Austin, TX, U.S.A.). The culture medium was
modified N-8 medium. The original N-8 medium [55]
consisted of six macro-nutrients (in g/l): Na2HPO4·2H2O,
0.26; KH2PO4, 0.74; CaCl2, 0.01; Fe·EDTA, 0.01; MgSO4·
7H2O, 0.05; KNO3, 1.00. The micronutrients were supplied
by adding 1 ml of a trace element stock solution [per liter,
3.58 g Al2(SO4)3·18H2O, 12.98 g MnCl2·4H2O, 1.83 g CuSO4·
5H2O, and 3.2 g ZnSO4·7H2O] to 1 l of the macronutrient
solution. The modified N-8 media, N-8A, contained two
times the concentration of those in N-8, except for MgSO 4·
7H2O where the concentration (0.15 g/l) was three times
higher than that in N-8. The other modified N-8 media, N8B, included enriched KNO3 (2.00 g/l) and MgSO4·7H2O
(0.15 g/l) compared to N-8. The culture temperature was
maintained at 26±0.5oC. A mixed gas with the composition

of 5% CO2 and balanced with N2 was introduced through a
gas analyzer and refreshed, whenever either the O2 or the
CO2 concentration changed by more than 1% from the
pre-mixed initial concentration. The gas recycle rate was
maintained by a peristaltic pump (model 7522-00, ColeParmer Instrument Co., Niles, IL, U.S.A.) at 100 ml/min.
The detailed operating conditions are summarized in Table 1.
Photobioreactor and Light Supply
The photobioreactor was constructed using a glass bottle
with a 5.55 cm inside diameter and 17 cm height that was
covered with black paper and aluminum foil, except for the
bottom to supply light in a dark room. An agitation rate of
200 rpm was applied using a magnetic bar on a multi-stirrer.
Light was supplied through the bottom of the reactor using
light-emitting diodes. Red DDH GaAlAs LEDs were obtained
from Quantum Devices Inc. (Barneveld, WI, U.S.A.). The
LEDs had narrow spectral outputs and a central wavelength
of approximately 680 nm. The red LEDs were powered by
a DC power supply (model GP-233, LG Precision, Seoul,
Korea) at a constant voltage depending on the light intensity.
Analytical Methods
The cell concentration (in cell/ml), total cell volume (in µm3
cell/ml), and average cell volume (in µm3/cell) were measured
by a Coulter Counter (model Z2, Coulter Electronics, Inc.,
Hialeah, FL, U.S.A.) using Coulter AccuComp ® Software
[27]. To obtain the specific absorption coefficient, the
culture broth was sampled at various growth phases, and it
was measured by the method previously described [22]
using a spectrophotometer (model HP8453E, Hewlett Packard,
Waldbronn, Germany). The light intensity of the LED unit
was measured using a quantum sensor (model LI-190SA,
LI-COR, Lincoln, NE, U.S.A.) with a DataLogger (model
LI-1400, LI-COR, Lincoln, NE, U.S.A.).

RESULTS AND DISCUSSION
Determination of Model Parameters
The compensation, saturation, and inhibition irradiance of
Chlorella were calculated by averaging the intensity required
to grow or inhibit the cells at various cell concentrations
in flasks, as previously reported [22]. The compensation
irradiance was calculated to be 17 pW/cell (pW stands for
picowatt), and the approximate saturation irradiance was
about 160 pW/cell. Since the flask with the lowest
inoculation density and the highest light intensity did
not show any growth, the per cell light intensity for
photoinhibition was calculated from this point and was
about 7,200 pW/cell.
The average cell size under the red light from the
LEDs was reported to be 30 µm3/cell [23], therefore, the
average projection area per cell was 12 µm2/cell. Thus, the
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Fig. 3. Growth curves in flat-plate photobioreactors.
The experimental linear growth rate was calculated from point to point, as
), HS (
), LL
represented by the arrows. Curves represent HL (
), LS (
), respectively. Vertical lines indicate standard deviation.
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compensation, saturation, and inhibition irradiance of Chlorella
were rewritten as 1.46, 13.7, and 600 W/m2, respectively.
The cell specific absorption coefficient, α, was 3.0×10- 9
cm2/µm3 cell. The light intensities used in the cultures were
higher than those of the saturation point (Table 1).
Comparison of Experimental Results with Model
Prediction
To measure the linear growth rate under light-limiting
conditions, the N-8 medium was modified to fortify other
medium components: N-8A and N-8B. When C. kessleri
was cultured in these fortified media, the growth rate and
final cell concentration were almost identical (data not
shown). Thus, N-8B was used in the following experiments.
It is known that microalgae mostly stay in a linear phase
during a batch culture. Figure 3 shows the extended linear
growth phase of C. kessleri. The linear growth rates
calculated from the two points exhibited a good correlation
with the calculated linear growth rates (period represented
by two arrows in Fig. 3), as shown in Fig. 4 (the slope=1,
R2=0.99). The K value for the mixing effect in Eq. (12)
was found to be 3.57.
Applications of the Monodimensional Model
Based on the above results, the linear growth rate [Eq.
(12)] obtained in the current study could be used to
estimate the photosynthetic productivity to achieve highdensity algal cultures based on the strategies discussed
below if the effect of the light distribution on productivity
is negligible or small.
The K value in Eq. (12) represents the effect of mixing.
Mixing can cause a dynamic light-dark pattern for a single
alga as the algal cell moves through the different light
intensity regimes. As the algal density increases, the light

Fig. 4. Correlation of experimental and predicted linear growth
rates.



R2=0.99, HL (
), HS (
standard deviation.

 ), LL (  ), LS (  ). Vertical lines indicate

penetration depth dramatically decreases. Even though the
light intensity is increased, the increase in the light
penetration depth is minimal [22]. Thus, the higher the
algal densities, the more the photosynthetic efficiency is
enhanced by mixing. The effect of a flashing light increases
with higher light gradients within the culture and with an
increasing light intensity [31, 40, 41].
Judging from the studies of Märkl [31] and Persoone
et al. [42], the range of variation for the K value can
be predicted. They studied the effect of mixing on the
photosynthetic productivity of algae under CO2 supplemented
conditions. Persoone et al. [42] obtained a 56% higher
productivity in agitated Chlorella saccharophila cultures
than without agitation after 18 days. Märkl [31] studied the
effect of mixing on the photosynthetic CO2 consumption
rate with increased algal cell densities, and found that the
productivity increased as the algal density increased.
Doubling the stirring speed resulted in an increase of 20%
in the CO2 consumption rate of Chlorella vulgaris in a high
density culture of 2.33 g/l, yet no or only a small increase
in a low density of 0.7 g/l.
Based on the above discussions, the increase of the K
value by mixing without increasing the shear stress on the
cells would seem to be important to improve the productivity
of high-density algal cultures operated under a high light
intensity. Thus, the tolerance to high shear stress relative to
the K value would appear to be an important factor
affecting strains in high-density cultures, since more mixing
is required as the cell density increases.
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The common way to construct a strain with a faster
growth rate (or µm) by genetic manipulation is mutagenesis,
followed by many, preferably hundreds of, generations of
competition in chemostat cultures or serial batch cultures
[9]. Yet, if a high dilution rate is simply used, this selection
method may be insufficient to identify a strain with a faster
growth rate, because the specific absorption coefficient of
the cell is also important for high-density algal cultures
[see Eq. (11)]. To solve the mutual shading effect, an
attempt to reduce the photosynthetic pigment content per
cell [35] may also be unsuccessful, as the decrease in the
growth rate of the cells and increase in the compensation
irradiance can offset the deeper light penetration into the
reactor due to the pigment reduction. Moreover, the
challenge to raise the photosynthetic pigment content per
cell to increase the specific growth rate may not be useful
either, due to the increase in the specific absorption
coefficient, resulting in a decrease of the photic zone.
The genetic engineering of the CO2 fixation gene, RuBisCO
(ribulosebisphosphate carboxylase/oxygenase, E.C. 4.1.39.)
[52, 57], may be another alternative for reducing the
photosynthetic pigment content, as it can help to increase
the specific growth rate (µm) without changing the specific
absorption coefficient (α).
Therefore, in order to achieve high-density algal cultures,
the relation of the factors in Eq. (11) should be considered
collectively from the above discussions.
Light Yield and Productivity
If the linear growth rate under the light limited growth
conditions without a substrate limit can be used as a
parameter for biomass productivity optimization in a batch
culture, the light yield equation can be written as follows:
β ⋅ P ⋅ V ( ( tc – t 1 ) ⁄ t c ) ⋅ P ⋅ LY X ⁄ Q = ------------------- = -------------------------------------------γ ⋅ I0 ⋅ A
( ti ⁄ tc) ⋅ I 0

(13)

where YX/Q denotes the biomass yield from the light energy,
P is the parameter of productivity in µm3 cell/l/h, which
can be converted to g/l/h by a conversion factor, V, A, and
L are the volume, illuminating surface, and light path of
the reactor, respectively, and β and γ are the ratios of
growth and illuminating time to culture time, respectively.
Thus, Eq. (13) can be rewritten as below using Eq. (11):
log ( I 0 ⋅ I ε−1
( t c – t 1 ) ⋅ K ⋅ µ m ------------------------------------⋅ I −c ε -)
s
Y X ⁄ Q = -----------------------------------(Is<I0<Id) (14)
ti ⋅ α
I0
Assuming YX/Q is only a function of the incident light
intensity, YX/Q can be differentiated with respect to the
incident light intensity:
1 ⁄ ln 10 – log ( I 0 ⋅ I εs −1 ⋅ I −c ε )
( t c – t 1 ) ⋅ K ⋅ µ m ----------------------------------------------------------Y'X ⁄ Q = -----------------------------------(15)
ti ⋅ α
I 20
Therefore, at I0=101/ln10·(I1-s ε·Icε) or 2.72·(I1-s ε·Icε), the yield
(YX/Q) will have a maximum value. Thus, this light intensity

Fig. 5. (a) Simulation of productivity, (P, —) and light yield,
(YQ/I, —).

About 12 W/m2 was the optimal light intensity. (b) Simulation of
differentiated productivity (P, —) and light yield (YQ/I , —) [Eq. (15)] by
incident light intensity. The lower the light intensity, the better the
difference between the productivity and the yield of photosynthesis.
tc=200 h, tl=24 h, ti=200 h, µm=0.087 h- 1, KI=3.44 W/m2, and the other
values are shown in Table 1.

can be the optimum intensity for the light yield (I0 opt).
Furthermore, if Ic/Is>10- 1/(ε·ln10), I0 opt is higher than the
saturation irradiance (Is); if not, I0 opt is lower than Is. Yet
most algae are cultured under a light intensity above the
saturation irradiance for high-density cultures.
Figure 5 shows the light yield and productivity as a
function of the light intensity (Fig. 5a), and the differentiated
productivity and light yield due to the incident light
intensity (Fig. 5b). In this figure, I0 opt is about 13.9 W/m2,
which is nearly the same as the saturation irradiance
(13.7 W/m2, see Table 1) for the strain used in the current
study. I0 opt calculated using the proposed model is shown in
Table 2 and illustrated in Fig. 6, based on the correlation of
I0 opt to the half-saturation irradiance (KI +Ic). An approximated
result for the optimum light intensity can be obtained for
most algae using the proposed modeling concept, as the
incident light intensity is higher than the saturation point of
the cell.
Microalgae have a typical saturation light intensity within
a range of about 14- 42 W/m2 [47], and a compensation
point within a range of about 0.2- 4.0 W/m2, based on an
assumption of a compensation irradiance of 0.1 to 1% light
reaching the water surface in the field [50, 51, 54] and
maximum solar radiation of 395 W/m2, the daily average in
a desert area, and 155 W/m2, the annual average in Japan [17].
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CONCLUSION
The current study derived a simple model to estimate the
linear growth rate of photosynthetic microorganisms, based
on a monodimensional approach. A feasibility test of the
proposed model was conducted in flat-plate photobioreactors
using LEDs as the light sources. The experimental results
indicated that a model microorganism, Chlorella kessleri,
exhibited clear linear growth when light was the sole limiting
factor, and the linear growth rate could be successfully
predicted using the simple model currently proposed.
Accordingly, for high-density and large-scale cultures, when
a simple estimate of the complex changes in FPPBRs is
needed, the proposed model would appear to be useful for
understanding the system of FPPBRs.
Fig. 6. Optimal light intensity for maximum light yield (I0 opt)
and half saturation light intensity (KI+Ic).
A linear correlation was exhibited when the light intensity was higher than
the saturation irradiance. The data points were calculated by Eqs. (14) and
(15), and shown in Table 2.

From Eqs. (14) and (15), the optimal light intensities for
microalgae estimated to produce the maximal photosynthetic
efficiency were lower than about 49 W/m 2, and within a
range of 20- 49 W/m2 when the microalgae were cultured
under a light intensity above the saturation irradiance.
Thus, the idea to improve the photosynthetic efficiency
through a combination of diffusing the incident light and
diurnal cycle [34] would seem to be a good idea, as
the incident light intensity was usually higher than the
optimum value of the light intensity for the maximum light
yield.
Ogbonna et al. [36, 38] stressed the linearity of the light
supply coefficient versus the linear growth rate of batch
cultures in various photobioreactor types. However, when
their coefficient was applied in the current study, good
correlation was not observed. Furthermore, their coefficient
was different in dimensions from the currently proposed
linear growth model. When a graph was drawn of the
proposed model versus the light supply coefficient, a linear
correlation was exhibited only at a low light supply
coefficient. Actually, the data points [38] showed a linear
correlation for a light supply coefficient only below 1.
Cornet et al. [7] also referred to the linear growth of a
batch culture and outlined briefly a model for such linear
growth. Their model, which included a linear correlation
with the incident light intensity and linear growth rate,
was different in dimensions from the linear growth
model proposed in the current study as well as in the
model proposed by Ogbonna et al. Thus, further study is
required to identify the determinant factors for the linear
growth rate of a batch culture, especially with regard to
the effect of mixing, pigment content per cell, and light
intensity.
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NOMENCLATURE
α
ε
µ(I)
µ (I)
µm
A
I
I0
I0 opt
Ic
Id
Is
K
KI
kd
L
P
t
tc
ti
tl
V
Vc- s
Vd
Vi

: specific absorption coefficient (cm2/µm3 cell)
: constant for mean of specific growth rate between xs
and xc (-)
: specific growth rate at given light intensity of I (h- 1)
: mean of specific growth rate between xs and xc (h- 1)
: maximal specific growth rate (h- 1)
: irradiating surface area (cm2 )
: light intensity at depth x (W/m2)
: incident light intensity (W/m 2)
: optimal light intensity for maximum light yield (W/m2)
: compensation light intensity (W/m2)
: photoinhibition light intensity (W/m2)
: saturation light intensity (W/m2)
: proportionality constant for mixing effect (-)
: light intensity constant for half of maximal specific
growth rate (-)
: specific death rate (h - 1)
: light path of reactor (cm)
: photosynthetic productivity (µm3 cell/L/h)
: time (h)
: culture time (h)
: irradiation time (h)
: lag time (h)
: culture volume of reactor (ml)
: culture volume when light intensity is between Ic
and Is (ml)
: dark volume (below compensation point) (ml)
: volume of photic zone (culture volume when light
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Vs
X
x
xc
xc- s
xs
YX/Q
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intensity is over Ic) (ml)
: culture volume when light intensity is over Is (ml)
: cell concentration (µm3 cell/ml)
: distance from irradiating surface (cm)
: length of photic zone (cm)
: distance between compensation point and saturation
point (cm)
: distance to saturation point from irradiating surface
(cm)
: photosynthetic yield relative to light energy (µm3
cell/J)

List of Abbreviations
HL : high light intensity and long light path
HS : high light intensity and short light path
LL : low light intensity and long light path
LS : low light intensity and short light path
L/D : light/dark cycle
T
: tungsten lamp
F
: fluorescent lamp
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